
The Philippa Fawcett Mathematics Essay Prize
What are the most fascinating aspects behind the mathematics of music? Discuss how
mathematics is related to the theory of musical structures and/or instruments.

Abstract
Upon initial glance, mathematics and music appear to be from opposite ends of the spectrum. Music
is creative, expressive and unrestricted; mathematics is logical, systematic and analytical. However,
on closer inspection, it becomes explicit that mathematics and music are inextricably linked. This
essay discusses the aspects of the mathematics of music that I find the most fascinating. It begins by
addressing intervals, scales and keys - the elemental components that all music is made up of. It
then explores modelling sound using sine waves; investigating how this can be used to explain
dissonance of notes and timbre of instruments.

Introduction to Sound
Sound is a mechanical, longitudinal,1 pressure wave. An oscillating object creates variations in air
pressure, which are then interpreted by the brain as sound of different pitches and volumes [1]. The
frequency2 of the sound wave determines the pitch, and the amplitude3 determines the volume. The
sounds produced by a musical instrument differ from commonplace noises (traffic, rain, wind, dogs
barking, lawnmowers) as they are musical tones - steady periodic sounds with fixed frequency and
wavelength. Standing (or stationary) waves are produced by instruments and are responsible for this
difference. A stationary wave occurs when a wave is reflected and interferes with the initial wave.
This process is termed superposition and creates a perfectly ordered wave. [2]

Theory of Musical Intervals
People have always had an innate sense of music; the oldest known instrument is a 60,000 year old
flute which was created by the Neanderthals before it was understood how sounds were produced
and what intervals were. [3]

It is necessary to traverse back to Ancient Greece (450-600 BC) to appreciate the origins of musical
intervals. This was the ‘Golden Age’ of Greek antiquity; an era of tremendous advancements in
education and knowledge. We will focus on one influential individual - Pythagoras of Samos, the
man widely renowned for creating Pythagoras’ Theorem.

While passing a blacksmith’s forge, Pythagoras is alleged to have heard harmonious notes as the
hammers beat out iron on the anvil. He supposedly remarked, ‘those hammers which give the
consonance of an octave weigh in the ratio of 2:1’. He then conducted experiments to develop a
greater understanding of this relationship. He plucked a single string, which he divided into parts, to
determine how the pitch of the note varied. According to Pythagoreans, everything was number [4];
they attempted to assign simple, whole number ratios to intervals. They did this by comparing the
number of string divisions required to produce a note of a set pitch against the number of divisions
required to produce another note a certain interval above the first one.

Pythagoras’ discovery was as follows:
● plucking a string of a certain length creates a note of set pitch.
● dividing the string into 2 parts creates a note an octave higher - ratio of 2:1.
● dividing the string into 3 parts creates a note a perfect 5th higher than the previous note -

ratio of 3:2.

3 The maximum displacement of a disturbance from its equilibrium position.
2 The number of waves passing a point per second.
1 A wave where the oscillations are parallel to the direction of energy transfer.



As mentioned above, the pitch of a note is determined by the frequency of the sound wave. A note
which is an octave higher is double the frequency. This relationship be verified using the wave
speed equation:

, or rearranged gives𝑣 = 𝑓λ 𝑓 = 𝑣
λ

The speed of sound is constant, and so frequency is inversely proportional to the wavelength or
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Effectively, the ratios Pythagoras devised were also frequency ratios of the sound waves produced
by the vibrating strings. He would, however, have been ignorant to this relationship as it wasn’t
discovered until the early 17th century by Galileo.

Pythagorean Scale and Tuning
Pythagoras then used the relationship between an octave and a fifth to determine further intervals,
which led to the development of the keystone of modern music - the octave scale. We will now
explore how he did this.

Taking the note C as the tonic of the scale and calling its relative frequency 1 essentially compares
the frequencies of all other notes in the scale to this C.
See the table below for a summary of what we know so far:

Note C D E F G A B C

Relative Freq. 1 3/2 2

Key points to consider:
● Raising by an interval requires multiplying by the relative frequency.
● Lowering by an interval requires dividing by the relative frequency.

Starting on high C and lowering by a fifth arrives at F (an interval of a perfect 4th).
Relative Frequency = 2 ÷ 3

2 = 4
3



Starting on the tonic C, raising by two fifths and then lowering by an octave, gets us to D (an
interval of a major 2nd).
Relative Frequency = 3

2( ) 2 ÷ 2 = 9
8

Continuing in a similar fashion produces the completed table: [5]

Note C D E F G A B C

Relative Freq. 1 9/8 32/27 4/3 3/2 27/16 16/9 2

This gave rise to a system of tuning called Pythagorean tuning. Unfortunately, this system contained
two fundamental flaws.

The first was that instruments could only ever be tuned in one key [6]. The frequency multiple
between the tonic and the supertonic in a C major scale would be , according to the table above.9

8
Whilst, the frequency multiple between the tonic and supertonic in a D major scale would be

Consequently, attempting to play a piece of music in the key of D major, on32
27 ÷ 9

8 = 256
243 ≠ 9

8
an instrument tuned by the relative frequencies in the table above would result in an extremely
unpleasant and discordant sound.

The second imperfection was an inconsistency in the frequency ratios of notes over several octaves,
known as the Pythagorean comma. In theory, we would expect the concatenation of twelve perfect
5ths to be equal to seven octaves. However, when analysing this mathematically it is evident that
the two do not equate: [5]

3
2( ) 12 ≠ 2 7

129. 7463379 ≠ 128
The difference between these intervals is called the Pythagorean comma and can be calculated as
follows: [5]

( 3
2 ) 

12
÷ ( 2

1 ) 7 = 1. 013643
Whilst this discrepancy is only slight, it can cause notes which span over several octaves to sound
noticeably out of tune with each other.

Tempered Scale and Equal Temperament
Since the 18th century there has been a general acceptance of the tempered scale, which divides the
octave into twelve equal intervals. Hence, the new tuning standard associated with this scale was
termed equal temperament4; this is still how pianos are tuned today [5]. Equal temperament allows
modulation to any key on the same instrument. This is because the frequency multiple between any
two semitones is always the same:

.12 2 = 2 1/12

However, what is the significance of the number twelve? Why are all melodies and harmonies in
Western music typically built from only twelve notes?
The use of twelve notes in an octave compensates for the Pythagorean comma. If we let r equal the
relative frequency of a perfect 5th, we need a value of r that means [7]:

.𝑟 12 = 2 7

So, [7]

𝑟 =
12

2 7 = 2 7/12 = 1. 4983 ≠ 1. 5

4 Temperament is a musical tuning system that slightly compromises pure intervals in order to meet other requirements.



Imagining a keyboard, illustrates clearly that an interval of a perfect 5th would require moving
seven semitones upwards. As is evident above, the frequency multiple of this interval is no longer
exactly equal to . We are sacrificing absolute perfection of intervals, in exchange for convenience,3

2
making equal temperament a controversial topic among professional musicians.

Resonance, Harmonics and Overtones
Resonance is an object’s tendency to vibrate or oscillate at a natural frequency that is basic to its
nature [8]. An object’s resonant frequency is the frequency at which it vibrates to create a standing
wave pattern. For any given object, there are usually several frequencies at which this occurs. The
lowest one is known as the fundamental frequency, which determines the pitch of the note
produced. Higher resonant frequencies are called overtones, and all sounds consist of multiple
overtones. The majority of wind and string instruments produce overtones with integer multiples of
the fundamental frequency - known specifically as harmonic frequencies, or harmonics. By using
different keys on a piano, different strings on a guitar or adjusting the fingering on a flute, the
resonant frequency alters, meaning the possible overtones and harmonics change as well. [9]

Modelling with Sine Waves
The air pressure of a stationary wave oscillates up and down in a continuous manner, meaning
sounds produced by instruments can be modelled as sine waves, or the sum of several sine waves.
This is shown on a graph of time (t) against air pressure (P). t is measured in seconds, and P is
measured in either pascals (Pa), or decibels (dB). Normarily, pascals - which is the force per unit
area - is the standard unit used for measuring pressure. However, sound intensity or volume is
measured in decibels. Decibels is, in our case, preferable as the scale is logarithmic; it allows the
volume of quiet sounds to have a greater spread between them, making it easier to distinguish them
from one another. [6]

We will start simple by considering a completely pure note containing only a single frequency - the
fundamental frequency. Examining the equation,

1. ,𝑃 = 𝑠𝑖𝑛 2π𝑡( )
we can recognise that every point at which t is equal to an integer,

, so .𝑠𝑖𝑛 2π𝑡( ) = 0 𝑃 = 0
Equation 1 would create a sine wave with a period of one second. A period is the time taken for a
wave to undergo one complete cycle5. Additionally, we need to incorporate two parameters -
frequency and amplitude - which can be modified depending on the sound. It is straightforward to
include amplitude by introducing the letter A,

2. .𝑃 = 𝐴𝑠𝑖𝑛 2π𝑡( )
This creates a stretch of the original graph by a factor of A in the y-direction.

, so frequency and period are inversely proportional - doubling the frequency is𝑃𝑒𝑟𝑖𝑜𝑑 = 1
𝑓

equivalent to halving the period. Therefore, in order to adjust the frequency, we must multiply the
period by 1/f . Stretching the previous graph by a factor of 1/f in the x-direction creates this effect,
resulting in the final equation:

3. .𝑃 = 𝐴𝑠𝑖𝑛 2π𝑓𝑡( )

Dissonance and Beats
Why do some notes sound uncomfortably harsh and dissonant when played together? This question
can be explained through the phenomenon of beats. The Grove Dictionary of Music defines beats
as, ‘an acoustical phenomenon useful in tuning instruments, resulting from the interference of two
sound waves of slightly different frequencies,’ [7] not to be confused with the other kind of beats -
the basic rhythmic units in music.

5 A completion of the wave’s repeating up and down pattern.



Figure 2 shows a graph of the
summation of two sine waves, with
frequencies 100 Hz and 110 Hz
respectively. The beats created here are
easily identifiable.

Beats are strongest and distinguishable
to the human ear when the frequency
separation is between a semitone and a
minor third (or 3 semitones). The beats
are too slow for the ear to identify
when the separation is smaller than
this. Whilst, the beats are too fast to
determine when the frequency
difference is any larger than this. For
physiological reasons, the human brain

dislikes beats. If two notes are played simultaneously and many of their harmonics lie in the
specific range necessary for beat production, these notes will sound dissonant to our ears. The
consonance, or harmoniousness, of an interval can be determined by the strength of the beats. [6]

Timbre
In music, timbre, also known as tone
colour or tone quality, is the perceived
sound quality of a musical note, sound or
tone [11]. The relative amplitudes of the
various harmonics are responsible for the
differing timbres produced by different
instruments.

Figure 3 shows an approximation of the
waveform created when a flute plays the
A below middle C (with fundamental
frequency 440 Hz).

This equation of the graph in Figure 3
demonstrates that the timbre of a flute
contains predominantly only the first
two harmonics. Evidently, this is a relatively simple model of a sound wave, containing just two
components. However, the majority of sound waves are much more complex with many additional
components.

In 1822, the French mathematician Joseph Fourier published a paper on heat flow. He claimed that
any periodic wave could be written as the sum of a number of sine and cosine waves. By
performing a technique called Fourier analysis on a waveform, it is possible to identify the
amplitudes and frequencies of the harmonics present. [10]

Conclusion
Music has existed since the time of the Neanderthals - 60,000 years ago. They had no concept of
musical theory or of the basic rules governing most music today and yet they could still appreciate,
play and listen to music - even at a rudimentary level. Mathematics holds the key to explaining the
appeal of music; it explains the reason we hear both dissonance and consonance. Additionally, the



progression of Western music - the frequency ratios of intervals, the number of notes in an octave
and the rise of equal temperament tuning - can be elucidated through mathematics. I find it
fascinating that the artistic expression of music has an underlying mathematical formulation.
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